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How to model mortality by Causes-of-Deaths ?

Choice of d causes-of-death, e.g. cardiovascular, neoplasms, accidental ...
Multivariate observations :

Dx,t “ pDp1q
x,t , . . . ,D

pdq
x,t q

qx,t “ pqp1q
x,t , . . . , q

pdq
x,t q

Dpjq
x,t count of deaths from cause j,

qpjq
x,t probability of death from cause j.

In general, we use the notation Y “ pY p1q, . . . ,Y pdq
q.

Objectives of this work:
Develop a multivariate framework for CoD modelling
Focus on obtaining closed-form formulas for faster computations
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MGLM - Assumptions

Distributional assumption on response variables Y i :
pY i qi are conditionnally independent given θ and their distribution belongs to the
exponential family :

dF py ; θq “ exptpθ⊺T pyq ´ κpθqqω ` apy ;ωqudνpyq.

Structural assumption between µi “ EθrY i s P Rd and Z i β:

µi “ hpZ i βq ô gpµi q “ Z i β.

where g : Rd
Ñ Rd is the link function, h : Rd

Ñ Rd , ph “ g´1
q.

Design assumption: for each response y i , the design matrix of observed covariates is
block diagonal of the form

Z i “

¨

˚

˚

˝

zp1q

i 0
. . .

0 zpdq

i

˛

‹

‹

‚

P Rdˆq, where zpjq
i “

`

zi,1, . . . , zi,pj

˘

.
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MGLM - Special case of a single categorical variable

Assumption: the explanatory variable z i is a single categorical variable valued in
tv1, . . . , vr u

@i “ 1, . . . , n, zi,k “ 1zi “vk

zi is the categorical variable of observation i
vk a label from Rr , with only 0 but one 1 (e.g. p1, 0, . . . , 0q)

Simplified score formula:
If we denote bk “ pβ

p1q

k , . . . , β
pdq

k q P Rd

spβq “

r
ÿ

k“1

”

Jhpbkq
⊺

ˆ Jµ´1
phpbkqq

⊺T pyq
pkq

ı

k,ˆd

´

”

Jhpbkq
⊺

ˆ Jµ´1
phpbkqq

⊺∇θκpµ´1
phpbkqqq

ı

k,ˆd
ωpkq

“

r
ÿ

k“1

ωk

”

T kpyq

ı

b ek ´

r
ÿ

k“1

ωk r∇θκpbkqs b ek(for the canonical link)

where T kpyq “
řn

i“1
ωi zi,k

ωk
T py i q, ωk “

řn
i“1 ωi zi,k .
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Closed-form formulas for Multinomial distribution

Let Y i follow a multinomial distribution Y i „ Md pmi , p “ pp1, . . . , pd´1qq. We consider
the GLM applied to Ỹ i “ Y i {mi which have the following characteristics of the exponential
family:

θ “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

log p1

1´
d´1
ř

j“1
pj

...
log pd´1

1´
d´1
ř

j“1
pj

0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

, T pỹq “

¨

˚

˝

ỹ1
...

ỹd

˛

‹

‚

, κpθq “ ´ log
˜

1 ´

d´1
ÿ

j“1

pj

¸

.

Applying previous results enable to directly obtain closed-form expressions, which are a
special case of the MLE:

@k P r1; r s,

¨

˚

˚

˝

β
p1q

k
...

β
pd´1q

k

˛

‹

‹

‚

“

¨

˚

˚

˚

˝

log

¨

˚

˚

˚

˝

yn,k
j

1 ´
d´1
ř

j“1
yn,k

j

˛

‹

‹

‹

‚

˛

‹

‹

‹

‚

jPr1:ds
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Closed-form formulas for Dirichlet distribution

The Dirichlet distribution generalizes the univariate Beta distribution. It belongs to the
exponential family with 2 usual parametrizations.

Common:

θ “

¨

˚

˝

α1
...
αd

˛

‹

‚

,T pyq “

¨

˚

˝

log y1
...

log yd

˛

‹

‚

, κpθq “

d
ÿ

j“1

log pΓpθj qq ´ log Γ
˜

d
ÿ

j“1

θj

¸

.

Alternative:

θ “

¨

˚

˚

˚

˝

ϕµ1
...

ϕµd´1
ϕ

˛

‹

‹

‹

‚

,T pyq “

¨

˚

˚

˚

˝

log y1{yd
...

log yd´1{yd
0

˛

‹

‹

‹

‚

, κpθq “

d´1
ÿ

j“1

log Γpθj q ` log Γ
˜

θd ´
řd´1

j“1 θj

log Γpθd q

¸

.

The link between the two parametrizations is given by

ϕ “

d
ÿ

j“1

αj , µj “ ErYj s “
αj

d
ř

l“1
αl

.
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Theoretical results: Closed-form estimators of regression parameters Application to Actuarial modelling

Closed-form formulas for Dirichlet distribution

Theorem: New estimators for Dirichlet distribution parameters

Let Y follow a Dirichlet distribution Y „ Dirpµ, ϕq. The two estimators ϕ̂j,l and c
converge almost surely towards ϕ and are asymptotically normal.

pϕj,l “
1

yCov
´

Y pjq, log Y pjq

Y plq

¯ , @j, l P r1; ds, j ‰ l .

pϕ`,l “
1

d ´ 1

d
ÿ

j“1,j‰l

pϕj,l .

In addition, we also have pαj “ pµj pϕ`,l with pµj the empirical mean estimator of ErY pjq
s.

Elements of the proof :
- Use of Stein’s identity
- Strong Law of Large Numbers
- Delta method
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Closed-form formulas for Dirichlet distribution

Depending on the parametrization, the MGLM become:

EθrY s “ hpZ iβq ô @j P r1; d ´ 1s, αj “ ϕhpZ iβq or µj “ hpZ iβq.

with

αd “ ϕ´

d´1
ÿ

j“1

αj , µd “ 1 ´

d´1
ÿ

j“1

µj .

Theorem: closed-form formulas for regression parameters

The MLE of βpjq
k is given by

@k P r1; r s, @j P r1; d ´ 1s, β
pjq
k “ h´1

´

ψ´1
´

ln y pjq
n,k ` ψppϕ`,l q

¯¯

pcommonq

@k P r1; r s,@j P r1; d ´ 1s, β
pjq
k “

ξk,j ´ 1
pϕ`,l

log
´

yk
yd

¯pnq
palternativeq

given the value of ϕ estimated by pϕ`,l .
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Dirichlet distribution: estimation of parameters a “ µϕ - Simulated Data

Example: Dirichlet distribution with parameter x “ p5, 4, 3, 2q
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Influence of sample size n

n MLE ϕ` ϕ1,d ϕ2,3 MME
100 4.41 0.3 0.26 0.10 0.35

1000 4.72 0.43 0.26 0.26 0.36
10000 10.54 2.00 0.94 0.89 1.93

Table 1: Computation time (ms) for M=1000 simulations
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Standard Actuarial Modelling

Distributional assumption for death counts at age x and year t

Dx,t „ PoissonpEx,tµx,tq

or other frequency distributions (binomial, negative binomial ...)
Model for the force of mortality µx,t

logpµx,tq “ αx ` βxκt pLee ´ Carterq{pM1q

logpµx,tq “ αx ` κt ` γt´x pAge ´ Period ´ Cohortq{pM3q

Cf [BDV02, RH06, CBD`09, Cur16] for more details about these models.
Numerical optimization of the log-likelihood

Lpα, β, κq “
ÿ

x,t

rDx,tpαx ` βxκtq ´ Ex,t exppαx ` βxκtqs ` K

ùñ Limitations:
Designed for a single population
Numerical optimization may slow computations down
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Use Case 1: Reinterpretation of Age-Period-Cohort model

Classical formulation of APC Model for All-Causes mortality

Dx,t „ PoissonpEx,tµx,tq, logpµx,tq “ αx ` κt ` γt´x

Dx,t „ BpEx,t , qx,tq

New MGLM framework

pDp1q
x,t , . . . ,D

pdq
x,t q „ Md pEx,t , qx,t “ pqp1q

x,t , . . . , q
pdq
x,t qq

logit Erqx,ts “ αx ` κt ` γt´x :“ ηx,t

where αx , κt and γt´x are here vectors of size d .
Objective: identify coefficients of the model
Values of ηx,t based on the previous results for single categorical variables.
Next step: general case of several categorical variables to identify values of αx , κt
and γt´x .
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Use Case 1: Reinterpretation of Age-Period-Cohort model

Categorical variables
zp1q

i stands for age and takes value in rx1; xmax s: zp1q,k
i “ 1zp1q

i “xk

zp2q

i stands for year and takes value in rt1; tmax s: zp2q,k
i “ 1zp2q

i “tk

Cohort terms γc are actually interaction terms between age and year
GLM with 2 categorical variables

gpErYi sq “ θ0 `

xmax
ÿ

k“1

zp1q,k
i αk `

tmax
ÿ

k“1

zp2q,k
i κk intercept and single effect

`
ÿ

jăl

ÿ

k,k1

zp1q,k
i zp2q,k1

i γk,k1 double effect

θ “ pθ0, α1, . . . , αxmax , κ1, . . . , κtmax , γ1, . . . , γxmax ¨tmax q parameters vector
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Use Case 1: Reinterpretation of Age-Period-Cohort model

Following [BDR22], we write η “ Qθ all the possible values taken by the linear
predictor above.
We also introduce the contrast matrix R that ensure that the model is identifiable
with linear conditions Rθ “ 0.
If η̃ is an estimator of gpErY sq, they show that θ̃ is a possible estimator for θ:

θ̃ “ pQ⊺Q ` R⊺Rq
´1 Q⊺η̃

Example: we take x= 50..51 and t = 2020..2021. Then
η “ pη50,2020, η50,2021, η51,2020, η51,2021q,
θ “ pθ0, α50, α51, κ2020, κ2021, γ50,2020, γ50,2021, γ51,2020, γ51,2021q,

Q “

¨

˚

˚

˝

1 1 0 1 0 1 0 0 0
1 0 1 1 0 0 1 0 0
1 1 0 0 1 0 0 1 0
1 0 1 0 1 0 0 0 1

˛

‹

‹

‚

, R “

¨

˚

˚

˚

˚

˝

1 0 0 0 0 0 0 0 0
0 0 0 1 1 0 0 0 0
0 0 0 0 0 1 1 1 1
0 0 0 0 0 1 2 3 4
0 0 0 0 0 1 0 0 ´1

˛

‹

‹

‹

‹

‚

corresponding to identifiability constraints θ0 “ 0,
ř

t κt “ 0,
ř

c γc “ 0,
ř

c cγc “ 0
and γ50,2020 “ γ51,2021.
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Use Case 2: Mortality analysis

Motivation: Use of GLM-trees algorithms, which require a lot of computations.

The GLM-based tree algorithm [RZ13] con-
sists of splitting the dataset recursively based
on a set of partitioning variables and of fit-
ting a GLM on a set of explanatory variables
to observations in each node.

Main steps are:
1 Fit the GLM on the current sample
2 Asses parameter stability for each

partition variable
3 Choose the best splitting point
4 Repeat

Example from [SHZ19]:GLM tree with 2
partition variables

gpEpYi qq “

$

&

%

β1 if z1 ď 0
β2 if z1 ą 0 and z2 ď 0
β3 if z1 ą 0 and z2 ą 0
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Use Case 2: Mortality analysis

An example from the literature (cf [CN23]).
Model: Beta regression used for univariate Covid-19 mortality rates in Brasil.

g1pµtq “

p
ÿ

i“1

βi xti g2pϕtq “

q
ÿ

j“1

γjztj .

Results: after variable selection, influence of urbanization and per capita income
identified.
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Use Case 2: Mortality Analysis

Toy example: from open sources databases US county level.
Causes-of-deaths data from the Center for Disease Control and Prevention:1

ICD-10 classification,
4 main causes selected: neoplasms, cardiovascular, infectious and other.

Explicative variables from US Census Bureau tables2 :
table B19049 for median income household (with corrected inflation as of 2022) for
different age groups: ă25, 25-44, 45-64 and 65+.
table B15003 provides educational attainment for the population 25 years and over.
table B01001 provides population estimates which are used as a measure of exposition.

Transformation into single categorical variables:
median income: 3 levels equally distributed
educational attainment: consider concentration of highly educated people (bachelor or
more) within the county.

1https://wonder.cdc.gov/Deaths-by-Underlying-Cause.html
2https://data.census.gov/table/
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Use Case 2: Mortality analysis

β parameters 2019 2021
Profile (age 65-74) Infectious Neoplasms CVD Other Infectious Neoplasms CVD Other
Income low % 0-15 -6.03 -4.89 -4.89 -6.98 -6.11 -4.88 -4.73 -5.11

Income low % 15- 20 -6.01 -4.91 -5.02 -6.44 -5.99 -4.88 -4.88 -4.99
Income low % 20-25 -5.93 -4.89 -5.07 -5.95 -5.96 -4.86 -4.95 -4.96

Income low % 25+ -6.02 -4.93 -5.19 -5.79 -5.96 -4.88 -5.05 -4.96
Income high % 15-20 NA -5.47 -5.64 NA -6.11 -5.34 -5.23 -6.65
Income high % 20-25 -6.41 -5.29 -5.56 -6.2 -6.85 -5.12 -5.05 - 5.48

Income high % 25+ -6.48 -5.16 -5.56 -6.02 -6.47 -5.12 -5.47 -5.38

Table 2: Zoom on some Regression parameters values

Next steps:
isolate single effects of each variable,
assess model performance and select variables,
use GLM-trees for better accuracy.
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Conclusions and Perspectives

Mortality analysis:
Closed-form estimators enable to use GLM-trees algorithm for more accurate results,
Identify changes in causes-of-deaths mortality patterns before and after Covid-19
event, at with a high granularity (depending on the data).

APC model application:
Faster (better?) fit of the model.
High flexibility of the constraints due to the contrast matrix ; possibility of finer
variable selection (age/time range, conditions on cohort...).
Possibility to use GLM-trees for classification: compare countries, subpopulations ...
Change of trend detection ?
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