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Applic o Actuarial modelling

How to model mortality by Causes-of-Deaths ?

@ Choice of d causes-of-death, e.g. cardiovascular, neoplasms, accidental ...

@ Multivariate observations :

D, ;= (D(l) D(d)) fo% count of deaths from cause j,
x,t — Xt - Mxt ’
Qut = (q(lg q(dt)) q)(f))t probability of death from cause ;.
o In general, we use the notation Y = (Y . y(@)

Objectives of this work:
o Develop a multivariate framework for CoD modelling

@ Focus on obtaining closed-form formulas for faster computations
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© Theoretical results: Closed-form estimators of regression parameters
@ Closed-form formulas for Multinomial distribution
o Closed-form formulas for Dirichlet distribution

e Application to Actuarial modelling
@ Reinterpretation of the Age-Period-Cohort model
o Mortality analysis
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Theoretical results: Closed-form estimators of regression parameters

MGLM - Assumptions

@ Distributional assumption on response variables Y;:
(Yi); are conditionnally independent given 8 and their distribution belongs to the
exponential family :

dF(y;0) = exp{(0" T(y) — x(0))w + a(y;w)}dv(y).

@ Structural assumption between p; = E¢[Y;] € RY and Z;8:

wi=h(Z:B) < g(p;) = ZiB.
where g : RY — R? is the link function, h: RY — R?, (h=g™!).

@ Design assumption: for each response y;, the design matrix of observed covariates is
block diagonal of the form

zfl) 0
Z; = € Rdxq, where z¥ = (z,-,l, .. .,z,-,pj) .

0 zfd)
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ts: Closed-form estimators of regression parameters

MGLM - Special case of a single categorical variable

Assumption: the explanatory variable z; is a single categorical variable valued in
{vi,..., v}

Vi=1,...,n, Zzik=1z-y,

@ z; is the categorical variable of observation i

@ vk a label from R", with only 0 but one 1 (e.g. (1,0,...,0))
Simplified score formula:
If we denote by = ( ,El), . ,,B,Ed)) eR?

r

s(8) = X} [Jh(bi)T x Ju™ (b)) TT(x) ¥ |

k,xd

— [9h(b)T X I (BB Vor(u (Mb)@

k,xd

<

[T_k(y)] ®ex — Z Wk [Vok(bk)] ® e(for the canonical link)
k=1 k=1

where T(y) = 37, %Lk T(y), k=2 wiZik

I
g
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Theoretical results: Closed-form estimators of regression parameters

tion to Actuarial modelling

Closed-form formulas for Multinomial distribution

Let Y; follow a multinomial distribution Y; ~ Mg(mj,p = (p1,...,pd—1)). We consider

the GLM applied to Y; = Y ;/m; which have the following characteristics of the exponential
family:

log —
1- 3 p
= .
’ n d—1
0= P ’ T(y)= ’ K’(e):_bg 1_ij :
log Z:; - j=1
1- X p yd
j=1
0

Applying previous results enable to directly obtain closed-form expressions, which are a
special case of the MLE:

(1)
k n,k
i
Vk e [1;r], = | log )
(d—1) 1— n,k
‘ 2,
j=

Jje[1:d]
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al results: Closed-form estimators of regression parameters
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Closed-form formulas for Dirichlet distribution

The Dirichlet distribution generalizes the univariate Beta distribution. It belongs to the
exponential family with 2 usual parametrizations.

@ Common:
a1 log y1 d d
0 = T(y) = ,k(68) = ) log (T (6))) — log T (Z 0-)
ad log ya = -
@ Alternative:
b log y1/ya
, oy : " df. - r(ed— 7;11@)
=  [\Tw= : 1(0) = ), logT(6;) +logl | ——=<—
Ppra—1 log ya—1/ya j=1 log I'(6)
1) 0

The link between the two parametrizations is given by
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Theoretical results: Closed-form estimators of regression parameters

Applicati ctuarial modelling
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Closed-form formulas for Dirichlet distribution

Theorem: New estimators for Dirichlet distribution parameters

Let Y follow a Dirichlet distribution Y ~ Dir(s, ¢). The two estimators ¢; and ¢
converge almost surely towards ¢ and are asymptotically normal.

~ 1 . .
¢j,’= — ) YO’ VJ,IE[].,d],J#/
Cov <Y(’), |Og W)
~ 1 g 4
b1 = g7 . Z Bji-
Jj=1j#1

In addition, we also have &@; = ﬁj(g-h[ with [i; the empirical mean estimator of E[Y ]

Elements of the proof:

- Use of Stein’s identity
- Strong Law of Large Numbers
- Delta method
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Theoretical results: Closed-form estimators of regression parameters on to Actuarial modelling
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Closed-form formulas for Dirichlet distribution

Depending on the parametrization, the MGLM become:

Eo[Y] = h(Zif) & Wje[Lid—1], aj=6h(Zif) or i = h(ZiB).
with

d—1 d—1
ag=¢— Y a5 pa=1->
j=1 j=1

Theorem: closed-form formulas for regression parameters
The MLE of 8 is given by

Vke[l;r], Vjel[l;d—1], ﬁf(j) =ht (1/) (Iny + 1/J(¢+ /))) (common)

N
Vke[Lir],Vie[lid—1], pY = 2o

(n)
log (;’—:)

(alternative)

given the value of ¢ estimated by qA5+,/.
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Dirichlet distribution: estimation of parameters a = pu¢ - Simulated Data

Example: Dirichlet distribution with parameter x = (5,4, 3,2)

estimator density, n=1000, M=1000 estimator density, n=1000, M=1000
w0 mie — mle
~ 7 ‘sam-cov v, sam-cov.
sam-covt © - R sam-cov1
o | - sam-cov23 [ - sam-cov23
o mme 1 mme
z w4 2z o4
£ £
o . o
n |
S
S = e o e S
T T T T T
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N=1000 Bandwidth=0.03132 N=1000 Bandwidth =0.02451
estimator density, n=1000, M=1000 estimator density, n=1000, M=1000
0
\ — mle \ — mle
-~ sam-cov -~ sam-cov
<« d f sam-covt © sam-covt
F 1y ~- sam-cov23 - sam-cov23
I V mme mme
© o 4 \
g S
5 5
& o d a
~ 4
o 4 o +—
T T T T T T T
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N=1000 Bandwidth=001805 N=10G0 Randwisth = 001240
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tical results: Closed-form estimators of regression parameters | modelling
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Influence of sample size n

estimator density, n=100, M=1000 estimator density, n=1000, M=1000 estimator density, n=10000, M=1000
— mle — mie — mle
@ - sam.cov 7 ~ sam.cov @ \ - sam.cov
s sam-covl sam-covt | sam-covl
- samcovz3 o - samcovz3 - samcov23

) e g N |
z z e z
LINE - & v

e T T T T e T T T L T T T T T T

4 5 6 7 8 45 50 55 60 44 46 48 50 52 54 56
N=1000 Bandwidih=0,09955 N=1000 Bandwidh =003132 N=1000 Bandwidih = 0009633

n MLE ¢+ ¢1 d ¢>273 MME

100 441 03 0.26 0.10 0.35
1000 4.72 043 0.26 0.26 0.36
10000 10.54 2.00 0.94 0.89 1.93

Table 1: Computation time (ms) for M=1000 simulations
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© Theoretical results: Closed-form estimators of regression parameters
@ Closed-form formulas for Multinomial distribution
o Closed-form formulas for Dirichlet distribution

e Application to Actuarial modelling
@ Reinterpretation of the Age-Period-Cohort model
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ors of regression parameters Application to Actuarial modelling
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Standard Actuarial Modelling

@ Distributional assumption for death counts at age x and year t

D+ ~ Poisson(Ex ¢fix,t)

or other frequency distributions (binomial, negative binomial ...)

o Model for the force of mortality fux,:

log(tix,t) = ax + Bxke (Lee — Carter)/(M1)
log(pix,t) = ax + Kt + Ye—x (Age — Period — Cohort)/(M3)

Cf [BDV02, RH06, CBD*09, Curl6] for more details about these models.

@ Numerical optimization of the log-likelihood

L(avﬂa ‘%) = Z [Dx,t(ax + Bxfft) - Ex,t eXp(OéX + ﬂxh‘/t)] + K

x,t
= Limitations:
Designed for a single population

Numerical optimization may slow computations down
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Use Case 1: Reinterpretation of Age-Period-Cohort model

@ Classical formulation of APC Model for All-Causes mortality

Dyt ~ Poisson(Ex tpix,t), 10g(tix,t) = x + fr + Ye—x
Dyt ~ B(Ex,t, Gx,t)

o New MGLM framework

(D)((,lz, ey D)((th)) ~ Md(EX,ty qx,t = (quv R q>(<(,:’t)))
logit E[qx,:] = ax + Kt + Vex 1= Tt

where ay, k¢ and y—x are here vectors of size d.

@ Objective: identify coefficients of the model
Values of 7y,: based on the previous results for single categorical variables.
Next step: general case of several categorical variables to identify values of ax, k¢
and Y¢—x.
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Application to Actuarial modelling
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Use Case 1: Reinterpretation of Age-Period-Cohort model

o Categorical variables

zi(l) stands for age and takes value in [x1; Xmax]: z,.(l)’k = 11(1) N
=Xk

o ).k

stands for year and takes value in [t1; tmax]: 27" =1 o) _,
=tk

Cohort terms ~y. are actually interaction terms between age and year

o GLM with 2 categorical variables

Xmax tmax
gE[Y]) =60 + Z z,.(l)’kak + Z zi(z)’k/-ck intercept and single effect
k=1 k=1
+ Z Z z,.(l)’kz,(z)‘k Vi, k! double effect
j<l k,k’
0 = (00,01, -+ s Qs By« + s Bty Y1y« + 5 Yxmax-tmax ) PAFameters vector
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sults: Closed-form es arameters Application to Actuarial modelling
o [oYeYoTe] YolololeleYele)

Use Case 1: Reinterpretation of Age-Period-Cohort model

o Following [BDR22], we write = Q6 all the possible values taken by the linear
predictor above.

We also introduce the contrast matrix R that ensure that the model is identifiable
with linear conditions Rf = 0.

o If 7j is an estimator of g(E[Y]), they show that f is a possible estimator for 6:
0=(Q"Q+R™R) QT

@ Example: we take x= 50..51 and t = 2020..2021. Then
n= (7750,2020, 7750,2021, 7]51,2020, 7751,2021),
6 = (6o, as0, (51, 2020, 2021, Y50,2020, Y50,2021 , V51,2020, Y51,2021),

10 0 0 00O OO0 O
110 1 0 1 0 0 O
0 0011000 O
101 1 0 0 1 0O
Q= ,R=]0 0 0 0 01 1 1 1
110 0 1 0 0 1 0
10101000 1 0 00 0O0T1 2 3 4
0 0000 1 0O0 -1

corresponding to identifiability constraints 6o = 0, >}, Kt =0, >, 7 =0, > ¢y =0
and 50,2020 = Y51,2021-
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Tk ical results: Closed-form estimators of regression parameters Application to Actuarial modelling
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Use Case 2: Mortality analysis

Motivation: Use of GLM-trees algorithms, which require a lot of computations.

The GLM-based tree algorithm [RZ13] con- C[D\

sists of splitting the dataset recursively based & 4

on a set of partitioning variables and of fit-

ting a GLM on a set of explanatory variables W

to observations in each node. <0 50

Main steps are: [ & ] Le |

@ Fit the GLM on the current sample

Q Asse.s.param.eter stability for each Example from [SHZ19]:GLM tree with 2
partition variable s .
partition variables
© Choose the best splitting point

Q Repeat pr it 2 <0

g(E(Y;))=1< f2 ifzz>0and 2 <0
B3 ifzz>0and >0
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Use Case 2: Mortality analysis

An example from the literature (cf [CN23]).
Model: Beta regression used for univariate Covid-19 mortality rates in Brasil.

Z Bixti  g(¢t) = Z ViZtj-

i=1
Results: after variable selection, influence of urbamzatlon and per capita income
identified.
_ | = inc median - - | —— urb median
£ | --- incQl e T ] . --- ubQl
) inc Q3 p - urb Q3
3 - :
g T
9 —
s =
peil
o |
»
S 7 <+
(=} O‘ =
4
- .
= T
% =
S g
= T T T T T T T T
60 70 80 90 0.02 0.04 0.06 0.08
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Use Case 2: Mortality Analysis

Toy example: from open sources databases US county level.

o Causes-of-deaths data from the Center for Disease Control and Prevention:!
o ICD-10 classification,
o 4 main causes selected: neoplasms, cardiovascular, infectious and other.

o Explicative variables from US Census Bureau tables® :

o table B19049 for median income household (with corrected inflation as of 2022) for
different age groups: <25, 25-44, 45-64 and 65+.

o table B15003 provides educational attainment for the population 25 years and over.

o table B01001 provides population estimates which are used as a measure of exposition.

@ Transformation into single categorical variables:

o median income: 3 levels equally distributed
o educational attainment: consider concentration of highly educated people (bachelor or
more) within the county.

https://wonder.cdc.gov/Deaths-by-Underlying-Cause.html
2https://data.census.gov/table/

Antoine Burg Mortality with GLM



Its: Closed-form estimators of regression parameters ication to Actuarial modelling
[e]eY YeYole}

Use Case 2: Mortality analysis

B parameters 2019 2021
Profile (age 65-74) Infectious Neoplasms CVD Other Infectious Neoplasms CVD Other
Income low % 0-15 -6.03 -4.89 -4.89 -6.98 -6.11 -4.88 -4.73 -5.11
Income low % 15- 20 -6.01 -4.91 -5.02 -6.44 -5.99 -4.88 -4.88 -4.99
Income low % 20-25 -5.93 -4.89 -5.07 -5.95 -5.96 -4.86 -4.95 -4.96
Income low % 25+ -6.02 -4.93 -5.19 -5.79 -5.96 -4.88 -5.05 -4.96
Income high % 15-20 NA -5.47 -5.64 NA -6.11 -5.34 -5.23 -6.65
Income high % 20-25 -6.41 -5.29 -5.56 -6.2 -6.85 -5.12 -5.05 -5.48
Income high % 25+ -6.48 -5.16 -5.56 -6.02 -6.47 -5.12 -5.47 -5.38

Table 2: Zoom on some Regression parameters values

Next steps:
@ isolate single effects of each variable,
@ assess model performance and select variables,

@ use GLM-trees for better accuracy.
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Tk ical results: Closed-form estimators of regression parameters Application to Actuarial modelling
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Conclusions and Perspectives

Mortality analysis:
o Closed-form estimators enable to use GLM-trees algorithm for more accurate results,

@ Identify changes in causes-of-deaths mortality patterns before and after Covid-19
event, at with a high granularity (depending on the data).

APC model application:
o Faster (better?) fit of the model.

@ High flexibility of the constraints due to the contrast matrix ; possibility of finer
variable selection (age/time range, conditions on cohort...).

o Possibility to use GLM-trees for classification: compare countries, subpopulations ...
o Change of trend detection ?
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