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Deaths in an epidemiological year show seasonality. 
The amplitude of the seasonality might differ across years.

Year 1 Year 2

Leger and Rizzi 2024

Short-term mortality forecasts:
→ Realistic forecasts 
→ Counterfactual forecasts
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• Excess mortality is the difference between observed and expected deaths.

• It quantifies the mortality burden related to mortality shocks:  
o Seasonal influenza (Mølbak et al., 2015)

o Heatwaves (Toulemon and Barbieri, 2008)

o Pandemics (Ansart et al., 2009).

• In the framework of the Covid-19 pandemic, excess mortality preferred to the 
reported Covid-19 deaths. 

• Estimating excess mortality implies estimating the expected number of deaths as a 
baseline level of mortality.

Context – Excess mortality in the literature
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Monthly raw death counts, Spain, Men, Age 85+, Years 2009-2002 
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• Serfling (1963) described a linear regression model with a cyclical component.

• More recent approaches consider a Poisson Serfling regression.

• Suppose that the number of deaths Yi is a realization of a Poisson distribution:

Yi ~ Poisson(µi),  µi = E Yi

• The log link function relates the mean µi to the linear predictor:

log µi = ƞi = xi
Tβ

µi = exp ƞi = exp xi
Tβ .

• The Poisson Serfling regression can be expressed as:

log µt = β0 + β1t + β3 cos wt + β4sin(wt)

where 𝑡 = 1,… , 𝑇; 𝑤 = 2𝜋/𝑝 with 𝑝 = 12 months.

To incorporate exposures et to model death rates, the regression becomes:

log µt = log (𝑒𝑡) + β0 + β1t + β3 cos wt + β4sin(wt)

A “standard curve of expected seasonal mortality”
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Monthly log death rates, Spain, Men, Age 85+, Years 2009-2002

Poisson Serfling
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• Methodological choices influence the estimates of excess death, e.g., the Poisson 
Serfling model imposes a rigid structure on the trend and seasonality.

• Aim: To propose and compare several approaches with varying degree of flexibility to 
forecasting mortality in the short term:
o The Poisson Serfling with fixed trend and seasonality.

o The modulation model with smooth trend and varying seasonality.

    We combine the modulation models for seasonal data (Eilers et al., 2008) and forecasting with 

    P-splines smoothing developed in the long term (Currie et al., 2004). 

o A smooth trend model with fixed seasonality. 

Aim
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• We want to account for non-linear trends. We seek a smooth estimate of µ = (µi). 

• Eilers et al. (2008) developed the modulation models that introduce a smooth trend function
and time-varying coefficients:

log µ𝑡 = υt + ft cos wt + gtsin(wt)

where υ accounts for the smooth trend function; f and g are smooth functions that describe 
the amplitudes of the cosine and sine and are constructed by approximating B-spline basis. 

• In the matrix formulation

log µ = Вα + CВβ + SВγ = ƞ

• with В a B-spline regression matrix, υ = Вα, 𝑓 = Вβ, and 𝑔 = Вγ and C and S diagonal 
matrices. A penalty on the B-splines coefficients for the trend and the modulation functions
forces them to vary smoothly.  

• GLM estimation is performed with the Iterated Re-Weighted Least Squares (IRLS).

Modulation model 
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• We propose a model with smooth trend and fixed seasonality:

log µ𝑡 = υt + β1 cos wt + β2sin(wt). 

• The linear predictor models the trend component with the B-splines matrix B 

and time varying coefficients α, and the seasonal component with the vectors

𝑐t = cos wt and 𝑠t = 𝑠𝑖𝑛 wt and ƞ = В 𝑐𝑡
´ 𝑠𝑡

´ α′ β1 β2 = 𝐁𝛉.

• Same iterated GLM scoring algorithm can be used.

Smooth trend model
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• Forecasting can be performed by adapting the missing data method (non 

seasonal) developed by Currie et al. (2004).

• The forecasting of future values is treated as a missing value problem and the 

fitted and forecast values are estimated simultaneously.

• We have data y1 for n1 months and we wish to forecast n2 months into the 

future. 

➢ We extend the set of knots and compute the regression matrix B for n1 + n2 

months. 

➢ We define a weight matrix 𝐕 = blockdiag 𝐈; 𝟎  where 𝐈 has size n1 and 𝟎 has size 

n2.

Forecasting with P-splines (Currie et al., 2004)
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• Monthly death counts by sex and age-group for:

o Denmark from 2007 to 2022 (Statistics Denmark)

o Spain from 2009 to 2022 (Instituto Nacional de Estadística)

o Sweden from 2000 to 2022 (Statistics Sweden). 

• To obtain monthly mortality forecasts for 1-3 epidemic years, comparing:

• the Poisson Serfling (PS)

• the modulation models (MM)

• the smooth trend model (ST).

Data and application
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PS

MM

ST
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PS

MM

ST
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Goodness of fit on death rates. BIC, Men. 

MM performs best

PS               MM ST PS               MM ST
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Accuracy of death rates. RMSE (x 1000) and MAPE, Men.

ST performs best  

PS        MM ST PS        MM ST PS        MM ST PS        MM ST

A rolling window of 5 or 10 years (from first available year by country to 2019) is used to 
forecast one year ahead.
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Changes of the modulation component over time are negligible 

• gray line = detrended series

• dashed black line = modulated component

• red dashed line = amplitude   
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ST model
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• Forecasts of baseline seasonality in mortality are useful for quantifying the impact of 
seasonal influenza, heatwaves, past and future pandemics. 

• Smoothness of the trend is a desirable feature when modeling the expected 
seasonality for all-cause death data. 

• Further application to cause-of-death data. 

• Consider mortality surface to model jointly age and years/months.

Contribution
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• How does the Covid-19 health shock impact cohort life expectancy?

• Methodology based on the penalized composite link model for killing off cohorts 
(Rizzi et al., 2020).

• Counterfactual cohort life expectancy across HMD countries. 

Ongoing work
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Thank you.
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Appendix



s
d

u
.d

k
/c

p
o

p

brugerdefinerede farvepalette

23 | november 2024

B-splines of degree q:

• Consist of q+1 polynomial pieces;

• Polynomial pieces join at q inner knots;

B-splines

Eilers and Marx, 1996
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• The GLM estimation is performed with the Iterated Weighted Least Squares (IWLS).

• The estimate β is obtained iteratively

β(𝑡+1) = β(𝑡) + 𝐼(β(𝑡))−1𝑙′ β 𝑡

• which can be re-written as

𝐼(β(𝑡))β(𝑡+1) = 𝐼(β(𝑡))β(𝑡) + 𝑙′ β 𝑡

• (𝑋𝑇 ෩𝑊(𝑡)𝑋)β(𝑡+1) = 𝑋𝑇 ෩𝑊(𝑡)𝑋 β(𝑡) + 𝑋𝑇 𝑦 − µ

• The modulation model can be expressed as ƞ = В CВ SВ α′ β′ γ′ = 𝐁𝛉 and the 
iterated GLM scoring algorithm can be used.

(𝐁𝑇 ෩𝐌 t 𝐁 + 𝚸)𝛉(t+1) = 𝐁𝑇 ෩𝐌(t)𝐁𝛉(t) + 𝐁𝑇 𝑦 − µ .

Estimation of the modulation model 
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Estimation of the modulation model
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