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Introduction

Aggregate mortality data are widely used to predict mortality trends.

Estimating mortality trend based on aggregate mortality data can omit
many important details, which are usually available in cause of death
data.

Competing risks in a cause of death modelling framework are not
necessarily independent: a reduction in one cause of death can possibly
have transfer of deaths to other causes (Li & Lu, 2019; Alai et al., 2015,
2018; Kaakai et al., 2018; Ulcinaite, 2023).

The Multinomial logistic model and Clayton copula are used in the
literature to model multiple decrements allowing for the dependence
between competing risks (e.g. see Alai et al., 2015; Li & Lu, 2019; Park
et al., 2006; Murray et al., 2006; Shahraz et al., 2013).

Relationship between the Multinomial logistic model and the Clayton
copula model is not well exploited.
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Research Summary

We establish theoretical relationship between the Clayton copula model
and the Multinomial logistic model: the latter is a special case of the
former.

Inspired by the crude-net intensity relationship in Clayton copula, we
propose a general Multinomial model that allows for dependence between
cause of deaths, which is simple to implement.

The proposed general Multinomial model is calibrated to US CoD death.
The calibrated value of θ has important insights into death transfers
between different causes.
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Multinomial Logistic Model
Following notation in Alai et al. (2015)

ln
qi (x , t)

p(x , t)
= X (x , t)βi∑

k

qk(x , t) + p(x , t) = 1

qi (x , t): the probability of death due to cause i for age x at time t

p(x , t): the all cause survival probability for age x at time t

X (x , t): explanatory variables of age and time

βi : coefficient vector for death due to cause i

qi (x , t) =
exp

(
X (x , t)βi

)
1 +

∑
k exp

(
X (x , t)βk

)
p(x , t) =

1

1 +
∑

k exp
(
X (x , t)βk

)
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Multinomial Logistic Model: Mortality Shock

A multiplicative reduction shock on death probability by cause i only, i.e.
ρi < 1, ρj = 1 for ∀ j ̸= i

qi (x , t)
′ =

ρi exp
(
X (x , t)βi

)
1 + ρi exp

(
X (x , t)βi

)
+
∑

j ̸=i ρj exp
(
X (x , t)βj

)
qi (x , t)

′

qi (x , t)
=

ρi

1 −
(
1 − ρi

)
qi (x , t)

p(x , t)′

p(x , t)
=

qj(x , t)
′

qj(x , t)
=

1

1 −
(
1 − ρi

)
qi (x , t)

> 1

Saved deaths are re-distributed to other causes, including survival as a
“dummy cause”

Re-distribution is proportional to the death probability due to each cause
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Clayton Copula

The joint survival probability of death times due to different causes (Li & Lu,
2019)

S(t1, t2, · · · , tm) =
[
S1(t1)

−θ + S2(t2)
−θ + · · ·+ Sm(tm)

−θ −m + 1
]−1/θ

,

S(t1, t2, · · · , tm) denotes the joint survival probability due to m causes

Sj(t) denotes the net survival probability up to time t

i = 1, 2, · · · ,m denotes cause of death

θ ∈ [−1, 0) ∪ (0,+∞) is a parameter that captures the dependence

θ ↑: stronger positive dependence (more death transfers)
between death causes
θ → 0, causes are becoming independent (almost no death
transfers)
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Crude and Net Intensities

µj(t) = − ∂

∂tj
log S(t1, t2, · · · , tm) | t1=t2=···=t

=
Sj(t)

−θ

S1(t)−θ + S2(t)−θ + · · ·+ Sm(t)−θ −m + 1
λj(t)

Crude intensity µj(t): mortality intensity due to cause j at age t with
presence of other causes of death

Net intensity λj(t): mortality intensity due to cause j at age t, if j is the
only cause of death

Net intensities are independent; Crude intensities incorporate dependence
between different causes

θ → 0 : µj(t) = λj(t)

θ ↑: difference between crude and net intensities is larger
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Mortality Shock

Apply a reduction shock ρi to annual (from t − 1 to t) mortality rate by cause
i , i.e. ρi < 1, ρj = 1 for ∀ j ̸= i

µ′
i (t)/µi (t) = ρi

(
π(θ, ρi , t)Sj(t)

(1−ρi )
)θ

µ′
j(t)/µj(t) =

(
π(θ, ρi , t)

)θ
p′(t)/p(t) = π(θ, ρi , t)

π(θ, ρi , t) measures proportional "saved" deaths, i.e. S′(t)
S(t)

θ → 0:
(
π(θ, ρi , t)

)θ
→ 1, i.e no death transfers to other causes

θ = 1: death transfers proportional to mortality rate, including survival
probability as a “dummy cause”

θ ↑: more saved deaths transfer to other death causes, and fewer transfer
to survival
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Insights from Clayton Copula

How can we extend the Multinomial logistic model to allow for more
flexible dependence between causes?

The crude-net intensity relationship has important insights.

Assuming net intensity λj(x , t) is a function of age and time, fj(x , t), and
using Taylor expansion of net survival probability, we have:

µj(t) =
Sj(t)

−θ

S1(t)−θ + S2(t)−θ + · · ·+ Sm(t)−θ −m + 1
λj(x , t)

≈ fj(x , t)

1 + θ
∑

k fk(x , t)
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General Multinomial Model

Apply the crude-net relationship to death probabilities:

qj(x , t) =
fj(x , t)

1 + θ
∑

k fk(x , t)

p(x , t) =
1 + (θ − 1)

∑
k fk(x , t)

1 + θ
∑

k fk(x , t)

The regression formula is:

ln

(
qj(x , t)

θp(x , t)− θ + 1

)
= ln

(
f (x , t)

)
= X (x , t)βj

X (x , t) is vector of explanatory variables of age and time

When θ = 1, the above model reduces to the Multinomial logistic
regression model, i.e.

ln

(
qj(x , t)

p(x , t)

)
= X (x , t)βj
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General Multinomial Model: Mortality Shocks

We apply a reduction shock ρi , where 0 < ρi < 1, to fj(x , t). Relative
transfer to other causes:

∆θ =
q′
j (x , t)

qj(x , t)
| θ =

1 + θ
∑

j fj(x , t)

1 + θ
∑

j ̸=i fj(x , t) + θρi fi (x , t)

Changes in mortality rates and survival probabilities:

q′
i (x , t)

qi (x , t)
= ρi∆θ

q′
j (x , t)

qj(x , t)
= ∆θ

p′(x , t)

p(x , t)
=

∆θ

∆θ−1

As θ increases, transfer to other causes increases, and transfer to survival
decreases.
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Data

US cause of death data from the Human Cause-of-Death Data series

Calendar years: 1979-2019

Training set: 1979-2014
Test set: 2015-2019

Ages: 20-89

Group death causes into 5: Accidents, Cancer, Cardiovascular,
Respiratory, and Other
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General Multinomial Model: Parameter Estimation

We decompose fj(x , t) into two effects: age and time. The regression
formula:

ln

(
qj(x , t)

θp(x , t)− θ + 1

)
= ln

(
fj(x , t)

)
= β1,x,j + β2,t,j

Parameters are estimated using MLE. The likelihood function is:

L =

x,t∏(
Ex,t

Dx,t,1, . . . ,Dx,t,m, Sx,t

)
q
Dx,t,1
x,t,1 . . . q

Dx,t,m
x,t,m p

Sx,t
x,t

Ex,t is the number of lives at age x in year t
Dx,t,i is the number of deaths due to cause i for lives at age x
in year t
Sx,t is the number of survivals for lives at age x in year t
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General Multinomial Model: Estimated value of θ

Gender Male Female
θ 5.5137 to be inserted

Table 1: Estimated θ by gender

θ captures the correlation strength between causes of deaths.

Higher θ implies higher correlation between each cause of death.

Values of θ in many studies (Li & Lu, 2019) were input based on expert
judgment. Most widely used values are 2 and 5.

Our empirical results show that θ = 5 is a reasonable input.
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General Multinomial Model: Estimated parameters

Estimated parameter values that capture age effect (left) and time effect (right)
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Model comparison

We compare the following three models:

General Multinomial (GM) Model: θ is estimated from the US
historical CoD data
Multinomial Logistic (ML) Model: death transfers are
proportional to death probabilities due to each cause
Independent (I) Model: Independence between causes of
deaths, i.e. saved deaths all transfer to survival

General Multinomial model provides better fit

Models AIC BIC
GM 8.13253709 × 108 8.13255349 × 108

ML 1.009914167 × 109 1.009915807 × 109

I 1.130406416 × 109 1.130406416 × 109

Table 2: Model goodness of fit based on AIC and BIC
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Shock scenario: cancer mortality is halved

Shock Ratio =
Non-cancer mortality (Survival) in shock scenario
Non-cancer Mortality (Survival) without shock

Below chart shows an example based on mortality rates for males aged
75-80 in year 1990
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Gains in life expectancy if cancer mortality is halved

Below table shows gains in (residual) life expectancy for a cohort of 60-year-old
males in year 2019:

Model Gains in life expectancy (years)
GM 0.711
ML 0.831
I 0.857

Table 3: Gains in life expectancy if cancer mortality is halved

Lower gains in life expectancy in the GM model compared to other
models, as more "saved deaths" are transferred to other causes of deaths
in the GM model.
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Conclusions

The Multinomial logistic model is a special case of the Clayton copula
model, where the copula parameter θ is equal to 1.

The Multinomial logistic model is based on annual death
probabilities; the Clayton copula model is based on annual
death rates.

Inspired by the crude-net intensity relationship in Clayton copula, we
propose a General Multinomial (GM) model, which is calibrated to the
US CoD data.

Calibrated value of θ in the proposed GM is around 5, which is in line
with prior studies’ assumption based on expert judgment.
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Extensions

The GM model can be used to explore how the calibrated value of θ
changes with respect to different age-period set-up, such as Lee-Carter,
APC.

We can use the GM model to investigate the calibrated value of θ for
different cohorts, e.g. old vs. young, general vs. insured populations.

The GM model can be extended to allow for more flexible dependence
structures, e.g. strong dependence between cancer and CVD deaths and
weak dependence between accident and all other deaths.
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